Abstract. To open-closed cobordism surfaces labeled by closed orientable submanifolds, orientable open-closed string topology associates (degree zero) string operations determined up to sign, which depend only on homeomorphism types of surfaces and which satisfy sewing property. In orientable openclosed string topology, we show that most string operations vanish. We describe those open-closed cobordisms with vanishing string operations, and give a short list of open-closed cobordisms with possibly nontrivial string operations. To prove the above vanishing results, we give a systematic discussion of properties of transfer maps.
Introduction
In open-closed string topology, degree zero string operations are associated to open-closed cobordism surfaces in such a way that the associated string operations depend only on homeomorphism types of cobordism surfaces and they satisfy sewing property. If string operations are determined up to sign by cobordism surfaces, then we call such a theory orientable open-closed string topology. If it is possible to uniquely specify signs of string operations in a consistent way, such a theory may be called oriented open-closed string topology.
String operations constructed in [1] and [4] are only unique up to sign, due to the following reason. The construction of string operation involves Thom classes of embeddings of finite dimensional manifolds, and signs of Thom classes depend on choices of orientations of finite dimensional manifolds involved. Unless these choices are consistent, we may not have oriented string topology.
Of course if the homology coefficients are taken to be a graded field over Z 2 , then string operations are uniquely determined. In the closed string topology case, constructions of string operations in [1] can be modified to yield oriented closed string topology with no ambiguity in signs of string operations. However, for the orientable open-closed string topology case [4] , it does not seem to be possible to modify operations to produce oriented open-closed string topology due to crossings of open strings.
In [6] , we showed that higher genus degree zero closed string operations all vanish, and we described all acses of possibly nontrivial degree zero closed string operations. In this paper, we do the same for orientable open-closed string topology. As in the closed string topology case, most of the open-closed string operations vanish, and we will give a small and complete list of open-closed cobordisms whose associated string operations can be nontrivial.
To 
H * (P KL ).
Our main theorem describes those open-closed cobordisms whose associated degree zero string operations vanish. We assume that the oriented closed submanifolds I, J, K, . . . , have dimension less that d = dim M , although some statements are valid under weaker hypothesis. Part (IV) is included as a convenience, but it is a consequence of (iv) and (v) of part (I). To see this, since in string topology open-closed cobordism must have at least one outgoing open string or one outgoing closed string, when t(Σ) = 0, we must have q(Σ) + s(Σ) ≥ 1. Then parts (iv) and (v) of Part (I) of Theorem A restrict the possible values of (q, s) for nontrivial string operations to a set (1, 0), (2, 0) , and (0, 1). This proves part (IV) of Theorem A.
The proof of Theorem A is given in section 4, and it depends on the vanishing of string operations in the following four types proved in section 3.
( Those open-closed cobordism surfaces Σ not covered by Theorem A can have nontrivial string operations, and they can be classified into the following five different types. At the end of each types, we list their invariants. String operations of type (V) can be computed using the H * (LM )-module structure on the path space homology H * (P IJ ), and string operations associated to open-closed cobordisms homeomorphic to discs. These last disc operations will be examined in detail in [9] .
Properties of transfer maps in homology and cohomology
We describe and prove various properties of transfer maps in the context of fibration which will be useful in later sections and the subsequent paper [9] .
2.1. Basic properties of transfer maps. Let M be a smooth closed oriented connected d-manifold and let p : E → M be a Hurewicz fibration. For example, E can be a free loop space LM of continuous maps from S 1 to M and p is an evaluation map at base points of loops, or a path space P JK consisting of continuous paths from a submanifold J to another submanifold K and p is an evaluation at time 0 < t < 1. Let ι : L → M be a smooth embedding of a closed oriented smooth ℓ-dimensional manifold, and let q : E L → L be the induced fibration. We use the same notation ι : E L → E to denote the inclusion map covering ι : L → M . The following diagram provides the basic context.
Let ν be the normal bundle to ι(L) in M , and we orient ν so that we have an 
be the corresponding Thom class, which is represented by a cocycle which vanishes on singular simplices in M not interesting with L.
Let N = p −1 (N ) andc : E → N /∂ N be the Thom collapse map. Here, ∂ N is defined simply as p −1 (∂N ). We let ιÑ : N → E be the inclusion map. The projection map π : N → L is a deformation retraction. Using the homotopy lifting property of the Hurewicz fibration p : E → M , the map π can be lifted to a deformation retractionπ : N → E L as follows. Let H : N ×I → M be the homotopy for the deformation retraction such that H(x, 0) = x and H(x, 1) = π(x) ∈ L for x ∈ N . By homotopy lifting property, there exists a homotopy H : N × I → E extending the identity map H(x, 0) =x and such that H • (p × 1) = p • H. Then the mapπ(x) = H(x, 1) is a lift of π, and is a deformation retraction. We remark that althoughπ is a deformation retraction, the mapπ may not be onto, andπ may not have a bundle structure. We can construct a homotopy equivalence between the pull-back bundle q * (ν) and N , but this map is in general far from being a homeomorphism.
be pull-back Thom classes. We consider the following commutative diagram, where ι ′ : E L → N is an inclusion map and is a homotopy inverse of
Relations among various Thom classes are given byṽ =c
The homology and cohomology transfer maps ι ! and ι ! for induced fibration are defined by the following compositions.
Here, the Thom maps given by cap or cup products withũ ′ may not be an isomorphism sinceπ : N → E L does not have a bundle structure. However, for the rest of this paper we do not need these Thom maps to be isomorphisms.
Note that if L is not connected, then appropriate homology and cohomology groups in the above diagrams split into direct sums.
By letting p : E = M → M be the trivial fibration, transfer maps between finite dimensional manifolds can be defined.
Transfer maps satisfy the following basic properties. 
where in the last identity, L = i L i is the decomposition into connected components. Here e ν = ι
Proof. Proofs are given in terms of commutative diagrams in terms of which the above identities become more or less transparent.
(1) We consider the following commutative diagram.
The middle square commutes becauseũ = ι * Ñ (ũ ′ ) by (2.1). The composition of maps on the top line gives ι ! . The commutativity of the diagram implies for b ∈ H * (E),
This proves (1).
For (2), consider the following commutative diagram.
Here, the bottom left square commutes since
is given by following the diagram along the perimeter from the top left corner to the bottom left corner in clockwise direction, noting that ι
We consider the following commutative diagram, where α ∈ H * (E).
where the first square commutes sincec * = (ιÑ * ) −1 * • j E * , and the second square commutes up to (−1)
, the top and bottom rows both give ι ! . Hence the commutativity of the diagram implies that
We consider the following commutative diagram.
The first square commutes because ι •π ≃ ιÑ sinceπ is a deformation retraction. The second square commutes sinceũ = ι * Ñ (ũ ′ ) by (2.1). The composition of maps in the bottom row is exactly ι ! . Hence the commutativity implies
(5) We consider the following commutative diagram.
Here, the composition of maps in the top row gives ι ! and the composition of maps in the bottom row gives ι
Since ι •π ≃ ιÑ and (ιÑ ) * •c * = j E * , we have
(8) By our choice of orientation on the normal bundle ν, the Thom isomorphism
(9) Let L = i L i be the decomposition into path components. Then for each component L i , (6) and (8) 
where
Remark 2.2. If we change the orientation of the normal bundle ν, then the sign of the Thom class u ∈ H d (N, ∂N ) also changes. Our choice of the orientation is made so that we have
. Conversely, this identity characterizes the orientation of ν and the sign of the Thom class u.
Our transfer maps are associated to pull-back diagrams of fibrations of the form (2.2)
where ι : K → M is an inclusion map of smooth closed oriented manifolds. The transfer map ι ! : H * (E) → H * −d+k (E K ) depends not only on the continuous map ι : E K → E, but also on the Thom class of ι : K → M . It is possible that different pull-back diagrams have the same maps between the total spaces of fibrations, but they have different maps between oriented base manifolds, giving rise to different Thom classes. Specifically, we consider the following situation. Let K, L, M be finite dimensional oriented closed smooth manifolds. Let (p, q) : E → M × L be a fibration and consider the following pull-back diagrams. 
Proof. First, we examine Thom classes for the embeddings ι × 1 and
, where c : M → N/∂N is the Thom collapse map, and π : N → K is the projection. Since
Thom classes for the embeddings ι × 1 and 1 × ι are given by u ι×1 = u × 1 and
Let N = p −1 (N ) be the pull-back of the tubular neighborhood. Then pull-backs of Thom classes of embeddings of base manifolds are elements in H d−k ( N , ∂ N ) and they are given by
This immediately implies that (
For a smooth inclusion map ι : L → M between oriented closed manifolds, a transfer mapι ! can also be defined through Poincaré duality by the commutativity of the following diagram:
This Poincaré duality transfer map and the Pontrjagin-Thom transfer map differ only in sign.
Proposition 2.4. The Poincaré duality transfer and the Pontrjagin-Thom transfer coincides up to a sign. Namely, For
Proof. By (3) and (8) of Theorem 2.1, we have
) by the definition ofι ! in terms of Poincaré duality.
2.2.
Transfer maps for compositions and products. Next we discuss functoriality of transfer maps with respect to compositions of inclusion maps.
− → M and ι 3 = ι 1 • ι 2 be smooth embeddings of closed oriented manifolds. Let p : E → M be a Hurewicz fibration. We have inclusion maps of pull-back fibrations using the same name as inclusions of base manifolds:
be a tubular neighborhood of K in M and let π 3 = π 2 • π 1 : N 3 → K be a projection map. We have the following inclusion and projection diagram.
Here, ∂N 3 = A∪B and h i are inclusion maps for i = 1, 2, 3. Let c 1 : 
, and u 1 , u 2 are Thom classes of ν 1 and ν 2 . The inclusion map h 3 : (N 3 , B) → (N 1 , ∂N 1 ) defines an element h *
. By (8) of Theorem 2.1 and the commutativity of the above diagram implies that
On the other hand, the transfer map for ι 1 • ι 2 gives
by (8) 
Now it is straightforward to show the functoriality for fibrations. 
The proof is given by pulling back the above diagram to a diagram of associated pull-back fibrations and use the identityũ 3 =π * 1 (ũ 2 ) ∪h * 3 (ũ 1 ). Next we discuss transfers for product maps. Let f : K → M and g : L → N be smooth embeddings of oriented closed manifolds, and let p : E → M and q : F → N be Hurewicz fibrations. We consider the following diagram of pull-back fibrations.
Here we use the same notations f, g for maps between fibrations. Theorem 2.6 (Transfers for product maps). With the above notation,
for a ∈ H * (E) and b ∈ H * (F ).
Proof. Let ν f be the normal bundle to f (K) in M and let ν g be the normal bundle to g(L) in N . As before we orient them by requiring
as oriented bundles. Similarly, let ν f ×g be the normal bundle to (f × g)(K × L) in M × N and orient it as above. We compare the corresponding Thom classes u f , u g , and u f ×g . Let N 1 be a tubular neighborhood of K in M , and let N 2 be a tubular neighborhood of L in M . Then
be Thom collapse maps, and π 1 : N 1 → K and π 2 : N 2 → L be projection maps. Then signs of Thom classes are chosen so that we have
Comparing these identities, it is straightforward to see that we have
Next we turn to transfer maps for fibrations:
. Using lifts of maps between base manifolds, we have
By pulling back the relation (2.8) to fibrations, we see that
This completes the proof.
2.3.
Commutativity of homology squares. We examine commutativity of squares with transfer maps and induced homology maps. Suppose we have the following pull-back diagram of smooth embeddings of oriented closed manifolds, where maps f and g are transversal so that
and ν g ′ be normal bundles associated to f, g, g ′ . We orient them as before by requiring the following isomorphisms as oriented bundles:
Let u f , u g , and u g ′ be the associated Thom classes of normal bundles with relative orientation. With these choices of orientations, the associated transfer maps satisfy the relations (8) of Theorem 2.1. Since f and g are transversal, we have f ′ * (ν g ) ∼ = ν g ′ . Since relative orientations of normal bundles depend on orientations of manifolds involved, this isomorphism may not be the one preserving the orientation, and we only have f * (u g ) = εu g ′ for some ε = ±1. Let N f , N g and N g ′ be tubular neighborhoods of the named maps and let c f , c g , and c g ′ be the associated Thom collapse maps. We let v f = c *
. These cohomology classes are characterized by
As will see shortly, the classes v f and v g are easier to deal with than corresponding Thom classes u f and u g . Given a fibration p : E → M , we can consider the following diagram of fibrations induced by the above diagram, where we use the same name for maps as above. We examine the associated homology diagram in which both transfers and induced homology maps are present.
Here, by transversality, we have d − r = ℓ − k.
Theorem 2.7. With the above notations, suppose f * (u g ) = εu g ′ for some ε = ±1. Then in the homology diagram above commutes up to ε. Namely,
Consequently, the following identity is also valid.
Furthermore, the same ε satisfies the following identity.
Proof. We have the following commutative diagram for fibrations with obvious notations for lifted maps and pulled back Thom classes.
Since f * (u g ) = εu g ′ for Thom classes, we have f * (ũ g ) = εũ g ′ . Since the composition of maps in the top and bottom rows in the above diagram gives g ! and g ′ ! , the commutativity of the diagram implies g ! f * = εf
. For the last identity, we use (2.9).
Remark 2.8. Since g * g ! (a) =ṽ g ∩ a for a ∈ H * (E) by (1) of Theorem 2.1, we can use (2.11) and (2.12) to compute the sign ε. Since ε depends only on orientations of manifolds K, L, R, M , the above two formulas give correct computation even if the image of homology classes may turn out to be zero in some cases.
We apply this result to a specific case. Let f : K → M and g : L → N be smooth embeddings of oriented closed manifolds. We consider the following pullback diagram of manifolds.
We consider a diagram of induced fibrations over other product manifolds, which we denote by E M×L , E K×N , and E K×L , and we consider the following two induced homology diagrams with transfers.
The commutativity of these diagrams is given by the following Proposition. 
Proof. For the first identity, we use (2.11) and compare the sign difference between the following two maps:
Then it is immediate that
Using (1) of Theorem 2.1, on the one hand, we have
for a ∈ H * (E M×L ). On the other hand,
. This shows that the two maps (f × 1)
For the second identity, we use (2.12) and we compute (
Taking the sign, we get (f × 1)
2.4.
Homotopy invariance of transfer maps. For 0 ≤ t ≤ 1, let p t : E → M be a continuous family of Hurewicz fibrations such that the associated continuous map p I : E × I → M × I given by p I (e, t) = (p t (e), t) is also a fibration. Let ι : K → M be a smooth inclusion of an oriented closed smooth submanifold K. We have the following pull-back diagrams for each t as well as for I: 
Theorem 2.10. With the above notation, the homomorphism
Proof. Let N be a tubular neighborhood of K in M , and let π : N → K be a projection map, which is also a deformation retraction. Let c : M → N/∂N be the Thom collapse map, and let u ∈ H d−k (N, ∂N ) be the Thom class such that
Let N I = p I (∂N × I). Let N t and ∂ N t be their intersections with E × {t} for 0 ≤ t ≤ 1. N I plays the role of a family of tubular neighborhoods of {E K,t } t∈I in E × I. Since p I : N I → N × I is a fibration, the projection map π × I : N × I → K × I can be lifted to a projection map π I : N I → E K,I which is also a deformation retraction. Since this deformation retraction preserves the t-coordinate, the restrictionπ t : N t → E K,t is also a deformation retraction. Letc I : E × I → N I /∂ N I be the Thom collapse map with c t : E → N t /∂ N t as its restriction. We have the following diagram.
For a ∈ H * (E), the transfer map (ι t ) ! is defined by (ι t ) ! (a) =π t * ũ t ∩c t * (a) , wherẽ u t = p * t (u) is the pull-back Thom class. To compare the above transfers for various t, the family version of the transfer map (ι I ) ! is defined for a ∈ H * (E × I) by (ι I ) ! (a) =π I * ũ I ∩c I * (a) , wherẽ u I = p * I (u) is the pull-back Thom class for the family. Since H * (E × I) = H * (E × {t}), for a ∈ H * (E), we have i t * (a) = a. Then the commutativity of the above diagram implies that
Hence (j t ) * (ι t ) ! (a) is independent of 0 ≤ t ≤ 1. This completes the proof. The proof of the vanishing of some basic string operations follows a similar pattern which we discuss first. Let M be a connected oriented closed smooth d-manifold. Consider the following diagram where each square is a pull-back of Hurewicz fibrations, ι : L → M is a smooth inclusion of an oriented closed submanifold L which is not necessarily connected, and φ : L → L × L is the diagonal map.
(3.1)
In the homology diagram with transfers induced from the above diagram, for a ∈ H * (P ),
Proof. Let ν be the normal bundle of the embedding φ oriented in such a way that we have an isomorphism of oriented vector
Since ν ∼ = T L and its Euler class e ν is given by (−1) ℓ e L = e L , using (2) of Theorem
. Now (6), (7) of Theorem 2.1 implies
We prove vanishing of four basic string operations using Lemma 3.1. Let I, J, K, L be closed oriented submanifolds of M . Let P IJ be the space of continuous paths from points in I to points in J.
First, we consider a composition of an open string coproduct ϕ J and an open string product µ J :
The relevant commutative diagram is the following one: Proof. We give two different proofs.
(Method I) For simplicity, we denote ι J and j J simply by ι and j. By Lemma 3.1, for a ∈ H * (P IK ), we have
Thus, in either case we have µ J • ϕ J (a) = 0 for every a ∈ H * (P IK ).
(Method II) Since [I] ∈ H * (P II ) is the unit in the algebra H * (P II ), we write a ∈ H * (P IK ) as a = [I] · I a. Using the Frobenius property and associativity of open string products and coproducts, we have
Since the operator µ J • ϕ J lowers the degree by d,
, we can argue as above to show that µ J • ϕ J (a) = 0. This completes the proof.
Next we consider the closed string version of the above result. Let µ and ϕ be the loop product and the loop coproduct:
The corresponding diagram is
). The loop product and coproduct are given by µ = ι * j ! and ϕ = j * ι ! . The open-closed cobordism Σ associated to µ • ϕ is a torus with two boundary circles, one incoming closed string and one outgoing closed string. We call the associated string operation µ Σ a genus 1 operation. See figure 7. 
Here
This completes the proof. 
This result, which was also discussed in [6] in closed string topology, shows that all string operations associated to higher genus surfaces vanish. So nontrivial openclosed string operations come from genus 0 open-closed cobordisms. The main result of this paper describes those open-closed cobordisms of genus 0 with vanishing string operations. Recall that in [6] we also showed that the string operation associated to a connected closed cobordism with at least three outgoing closed strings vanishes.
Next, we discuss "saddle" interactions. This is the interaction of two open strings at their internal points. See [9] for more details. Let I, J, K, L be closed oriented submanifolds of M . Consider the following diagram:
The saddle interaction or internal point interaction is given by the following: 
Proof. The diagram relevant to the double saddle interaction is the following.
Here observe that intermediate spaces P IJ × M P KL and P IL × M P KJ are in fact exactly the same space, and we are in a position to apply Lemma 3.1. For a ∈ H * (P IJ ) and b ∈ H * (P KL ), we have
We can prove the same result using the associativity of the open string products. Next we consider the effect of a closed window labeled by an oriented closed submanifold K. Consider the following diagram:
the space of continuous loops in M whose base points lie in K. Set θ K = j * ι ! : H * (LM ) → H * (P KK ). It describes an interaction in which a closed string touches the submanifold K and splits into an open string whose end points are in K. Similarly, the map ϑ K = ι * j ! : H * (P KK ) → H * (LM ) describes an interaction in which open strings with end points in K close up to become closed loops. The closed window operation W K is the composition of these two operations:
The open-closed cobordism Σ for the string operation W K is a cylinder with one incoming and one outgoing closed strings and one hole, a free boundary circle, labeled by K. See figure 9. K K Figure 9 . Closed window operation of the form:
Proposition 3.5 (Closed window operation). For a ∈ H * (LM ), the effect of a closed window operation W K with label K is given by
is the homology class of a constant loop, and the dot · denotes the loop product in H * (LM ).
Proof. The diagram for the operation W K = ϑ K • θ K is the following one:
. By Lemma 3.1, this is equal to
Here we recall that for any cohomology class α ∈ H * (M ) and a homology class b ∈ H * (LM ), we have p
is the Poincaré dual of α. See [7] for more details and related topics. This completes the proof.
We can prove the same result using a different method. Let Σ 1 be an openclosed cobordism homeomorphic to a cylinder with one outgoing closed string and one free boundary circle labeled by K. The associated string operation µ Σ1 : k → H * (LM ), where k is the ground field, is given by
′ be an open closed cobordism obtained by sewing Σ 1 to one of the incoming closed string of a pair of pants representing the loop product. Then Σ ′ is homeomorphic to the open-closed cobordism Σ for the closed window operation W K . Thus, for a ∈ H * (LM ),
This Proposition has the following immediate corollary. 
Glue along both outer and inner free boundaries.
Glue along the inner free boundary.
Glue along the outer free boundary. where for a ∈ H * (LM ), we have ( Next we consider the case in which g(Σ) = 0 and ω(Σ) = 0, and we prove part (III) of Theorem A. Recall that the number of boundary components t(Σ) containing both incoming and outgoing open strings must be at most one for nontrivial string operations by the fist part of Theorem A. where the H * (LM ) comodule map ϕ IJ = j * ι ! lowering degree by d is defined using maps j and ι given in the following diagram. 
